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Abstract. We show that a weak form of the generalized Bocherer's conjecture 
implies multiplicity one for Siegel cusp forms of degree 2. 



1. Multiplicity one 

Let Sfc(r) denote the space of classical holomorphic cusp forms of weight k for 
T = SL 2 (Z). Suppose that fx and fi are two Hecke eigenforms in St(T) such that 
the Hecke eigenvalues A p (/i) and X p (f2) are equal for all primes p. Then, it is well 
known that there exists a constant c such that fx = c/2 ■ Indeed, the various Hecke 
eigenvalues X p (fi) determine all the Fourier coefficients of /j, hence the form /j 
itself, up to a common multiple. 

The above fact is a special case of the "multiplicity one theorem" for GL2 due 
to Jacquet-Langlands. Multiplicity one was extended to the case of automorphic 
representations on the group GL„ independently by Shalika, Piatetski-Shapiro, and 
Gelfand-Kazhdan. However, much less is known for automorphic representations 
on other reductive groups. 

In this note, we consider the spaceQ Sk(J"2) of holomorphic Siegel cusp forms of 
weight k for T2 = Sp 4 (Z) . These forms give rise to automorphic representations on 
the group GSp 4 , for which multiplicity one remains unknown. In particular, one 
has the following conjecture. 

Conjecture 1.1 (Multiplicity one for Siegel cusp forms of degree 2 and full level). 

Let fx and fi be two Hecke eigenforms in ^(I^) such that for all primes p, we 
have an equality of Hecke eigenvalues A p (/i) = \ P {f2) and X p i{fx) = \ p z(f2). Then, 
there exists a constant c such that fx = c/2 • 

The above conjecture is deep. It does not appear to directly follow from the 
transfer to GL4 that was proved in [7] or even from the more general functoriality 
and classification results proved recently by Arthur. A key reason why things are 
so complicated is that Hecke eigenforms in Sk(Ti) are non-generic, and hence do 
not have a Whittaker expansion like eigenforms on GL„ do. 



Remark 1.2. In Conjecture ll.il one may replace "for all primes" by "for almost all 
primes" without increasing the difficulty of the problem; see the argument of [TUl 
Thm. 3.1.5]). 

2. Bocherer's conjecture 

Another deep and famous conjecture for Siegel cusp forms of degree 2 deals with 
the relation between the central L- values and the Fourier coefficients. Before stating 
this conjecture, we briefly recall the Fourier expansion for Siegel cusp forms. For 
any / e Sk(^2), we can write 



^For definitions and background on Siegel cusp forms, see [4]. 
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where the Fourier coefficients a(/, S) are indexed by matrices S of the form 

(1) 5 '=( 6 /2 6 c 2 )' a,b,ceZ, a>0, disc(S) := b 2 - Aac < 0. 

Equivalently, the Fourier coefficients a(f, S) are indexed by all positive, integral, 
binary quadratic forms. In fact, using the defining relation for Siegel cusp forms, 
we can see that 

(2) a(f, t ASA)=a(f,S) 

for all A £ SL 2 (Z), thus showing that a(f, S) only depends on the SL 2 (Z)-equivalence 
class of the matrix S, or equivalently, only on the proper equivalence class of the 
associated binary quadratic form. 

Let d > be an integer such that — d is a fundamental discriminant Put 
K = Q(\/—d) and let Cl^ denote the ideal class group of K. It is a fact going 
back to Gauss that the SL/2(Z)— equivalence classes of binary quadratic forms of 
discriminant — d are in natural bijective correspondence with the elements of CIk- 
In view of the comments above, it follows that for any / G Sk{^2) and any c G CIk 
the notation a(/, c) makes sense. We define 



(3) R(f,K)= Yl a ^' c )- 

cec\ K 

Now, suppose that / is an eigenform for the local Hecke algebras at all places. 
Then / gives rise to an irreducible cuspidal automorphic representation 7ry of 
GSp 4 (A); see [B]. The remarkable conjecture below was first made by Bocherer pQ. 

Conjecture 2.1 (Bocherer's conjecture). Let f g S^-^) be a non-zero Hecke 
eigenform and ttj the associated automorphic representation. Then there exists 
a constant Cf depending only on f such that for any imaginary quadratic field 
K = Q(V — d) with —da fundamental discriminant, we have 

\R(f, K)\ 2 = c f ■ d k - x ■ w{K) 2 ■ 1,(1/2, n f x X -d). 
Above, X-d is the quadratic Hecke character associated via class field theory to 
the field Q(y/—d), w(K) denotes the number of distinct roots of unity inside K, 
and L(s,irf x x-d) denotes the associated Langlands L-function. 

The above conjecture is deep and so far not proven for any Siegel cusp form that 
is not a lift of some sort. Theoretical evidence for the truth of a refined version 
of the above conjecture (see [51 (5.4.5)]) was provided in recent work of the author 
with Kowalski and Tsimerman. 

Bocherer's conjecture has been further generalized by various people. We note in 
particular the papers by Furusawa-Shalika [3], Furusawa-Martin [5] and Prasad- 
Takloo-Bighash [8 . In these generalizations, one takes a linear combination of the 
Fourier coefficients a(f, c) with the values taken by an ideal class character of C1a' 



Recall that an integer n is a fundamental discriminant if either n is a squarefree integer 
congruent to 1 modulo 4 or n = 4m where m is a squarefree integer congruent to 2 or 3 modulo 
4. 
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(more generally, a Hecke character on A^-). Partial progress towards such a con- 
jecture has been made in recent work of Furusawa and Martin. Such a formulation 
is also closely related to the global Gross-Prasad conjecture for (SO(5), SO (2)). 

We now describe a "weak version" of a specific refinement of Bocherer conjecture. 
Let d, K, /, TTf be as before. For any character A of the finite group C\k , we make 
the definition 

(4) R(f,K,A)= aCf^A-^e). 

cecu- 

Also, define the theta-series 

6 A (z) = A(a)e 2 " lAr(a)z - 

Thus, #a is a holomorphic modular form of weight 1 and nebentypus (-^) on r (<i); 
it is a cusp form if and only if A 2 ^ 1 . The form 9 a generates a dihedral automorphic 
representation of GL 2 (A) which coincides with the automorphic induction of A. We 
let L(s,iTf x 6>a) denote the Langlands L-function attached to the Rankin-Selberg 
convolution of this dihedral representation with iTf. We now state the 

Conjecture 2.2 (Generalized Bocherer's conjecture, weak form). Let f € S , fc(r 2 ) 
be a non-zero Hecke eigenform and TTf the associated automorphic representation. 
Let K = Q(y/—d) with —d a fundamental discriminant, and A be a character of the 
ideal class group of K . Then i?(/, K, A) ^ if and only if L(l/2, TTf x 8\) =/= 0. 

Remark 2.3. In the special case A = 1, the quantity R(F,K,A) is simply R{F,K) 
in our earlier notation and the L-function L(s,iif x 9jy) factors as a product 
L(s,TTf)L(s,TTf x X-d)- Thus, Conjecture 12.21 is compatible with Conjecture 12.11 

Conjecture 12.21 is in the spirit of the global Gross-Prasad conjectures since it 
asserts that the non- vanishing of a (Bcssel) period R{F, K, A) is equivalent to the 
non- vanishing of the central value of a related L-function. For a somewhat stronger 
formulation, see [3l Conj. 1.11]. 

3. The main result 
Theorem 1. Coniecture \2.2\ imvlies Coniecture \l.l\ 
Proof. The proof relies on the following fact which was proved in [9] : 

Let 7^ / € Sk(^2)- Then there exists a matrix S of the form given by equa- 
tion §Q such that disc(S') is a fundamental discriminant and a(/, S) =/= 0. 

Now, assume Conjecture 12.21 Suppose f\ and / 2 are two Hecke eigenforms 
in Sfc(r2) such that for all primes p, we have an equality of Hecke eigenvalues 
Aj>(/i) = ^p(fz) ano - ^p 2 (/i) = \ 2 (f2)- Let —d < be a fundamental discriminant 
such that there exists a matrix S with disc(5 f ) = — d and a(f2,S) =^ 0. Such a d 
exists by the fact quoted above. Put K = Q(v— d) and pick a character A of Cl^ 
such that i?(/ 2 , K, A) ^ 0. Now, put 9l = fx - 

We claim that gi — 0. Suppose not. Then g\ and / 2 are two non-zero Hecke 
eigenforms in 5fe(r 2 ) such that for all primes p, we have an equality of Hecke 
eigenvalues X p (gi) — A p (/ 2 ) and \ p z(gi) = \ 2 {f2)- Since the Hecke operators at p 
and p 2 generate the full Hecke algebra, it follows that L(s, n gi x 9a) = L(s, ttj 2 x 9a). 
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However, by construction, we have R(f2,K, A) ^ and R(gi, K, A) = 0. Since we 
are assuming Conjecture 12.21 holds true, this means that L(l/2, tt 9i x 9 a) = and 
L(l/2,7r gi x 6 \) 0. This is a contradiction. Thus g\ = 0. Hence j\ and are 
multiples of each other. 

□ 
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